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7.4 Axes systems
Different types of coordinate systems used in flight dynamic analysis, are
briefly explained in this section. It is assumed that the airplane has a plane of
symmetry.The following axes systems are used in the dynamic stability analysis
presented here.
1. Ground axes system (EXe Ye Ze)
2. Local horizon system (OX; Y Zp)
3. Body axes system and its special cases namely reference body axes
system (OXp Yy, Zp) wind axes system (OXy Yw Zy) and stability axes
system (OXs Ys Zs)
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Some of these axes systems are shown in Fig.7.2a and 7.2b and are defined as

follows.
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Fig.7.2a Ground axes system (OXcYe Z¢) and reference
body axes system (OX,YpZyp).
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Fig.7.2b Reference Body axes system, wind axes system and stability axes
system (Adapted from Ref.2.4)
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7.4.1. Ground axes system

This axes system is fixed with respect to earth and defined as follows.

The origin E is a point on the earth’s surface. The EZ.- axis is vertical and
positive downwards. The EXe- and EY.- axes are contained in a horizontal plane
and are directed in such a way that EX.Y.Ze forms a right handed system
(Fig.7.2a).

Remark:

Reference 1.12, chapter 4 calls the aforesaid ground axes system as
navigational system. The point E is chosen in such a way that it is beneath the
c.g. of the airplane at the start of the flight. The axis OXe could be towards the
local north and the axis OY, towards the local east. It may be added that there
are other definitions of navigational system.

7.4.2. Local horizon system

This system has its origin at a point O on the airplane which lies in the
plane of symmetry and generally the c.g. of the airplane. The axes OXy, OY}, and
OZ;, are parallel to EXe, EY. and EZ. respectively.

7.4.3. Body axes system

Any axes system fixed to the airplane and moving with it is called body
axes system.

7.4.4. Reference body axes system

Following Ref.7.1, the axes system used for prescribing the moments and
products of inertia of the airplane is called “Reference body axes system” and is
denoted OX, Yy Zp. In this system the axis OX, is contained in the plane of
symmetry, and is positive forward (towards nose of the airplane). Generally, it
coincides with the fuselage reference line (FRL). OZ,, is perpendicular to OX, and
is contained in the plane of symmetry. OZ, is positive downwards for normal flight
attitude of the airplane. QY is perpendicular to the plane of symmetry and is
directed in such a way that OX,YZ;, is a right handed triad (Fig.7.2a).

7.4.5 Wind axes system
This is also a body axes system in which the axis OX,, is tangent to the

flight path in the undisturbed state and positive in forward direction. OZ, is
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perpendicular to OX, and contained in plane of symmetry and positive
downwards for normal flight attitude of the airplane. OYy, is perpendicular to both
OXw and OZ, and is directed in such a way that OX,Y.Z, is a right handed
system (Fig.7.2b).
7.4.6 Stability axes system

This is also a body axes system and denoted by OXsY<Zs. The axis OXs
lies in the plane of symmetry and if the undisturbed flight is with no sideslip
(B = 0), then it (OXs axis) points in the flight direction. If § = 0 then OX coincides
with the projection, in the plane of symmetry, of the flight velocity vector. The axis
OYs is perpendicular to the plane of symmetry, positive in starboard(right)
direction, and the axis OZ points downwards in such a way that OXsYsZs is a
right handed system.
It may be pointed out that (i) the component of velocity along OZ; axis is zero (ii)
the angle between OX, and OX; is the angle of attack and (iii) if B = 0, then drag
and lift are in directions opposite to OXs and OZs axes respectively.
Remarks:
i) Figure 7.2 b shows an airplane in a flight along a straight line. The airplane is

banked at angle ‘@’. The velocity vector (V) makes an angle y to the horizontal.

The airplane has an angle of attack ‘a’ and sideslip ‘B’. The system OX,YpZy is
the reference body axes system with the axis OXy, in the plane of symmetry along
fuselage reference line (FRL), the axis OZy, perpendicular to OX, in the plane of
symmetry and the axis OY}, perpendicular to both OX, and OZ,. The system
OXwYwZy is the wind axes system with the axis OX,, in the flight direction, the
axis Oz, perpendicular to OX, in the plane of symmetry and the axis OY,,
perpendicular to both OX,, and OZ,. The system OXsYsZs is the stability axes
system with the axis OXs as the projection of V in the plane of symmetry, the axis
OZs perpendicular to OXs in the plane of symmetry, and OYs perpendicular to
both OX and OZs.

i) Generally the sideslip (B) is zero in the undisturbed flight and the systems
OXwYwZw and OXYsZs coincide with each other (Fig.7.2c).


Free Hand

Free Hand


Flight dynamics —II
Stability and control

Xs, Xw Xb

Fig.7.2c Axes systems when 3 =0

7.5. Relationships between the various axes systems
As mentioned in section 7.3, the forces T, A and mg are defined in axes
system appropriate for each of these quantities. However, to get the scalar form
of Eq.(7.37), these forces need to be expressed in a single axes system.
For this purpose, the relationships between various axes systems are
needed.These are derived in the next three subsections.
7.5.1 Relation between ground axes and local horizon system
Since, the ground axes system and local horizon systems are parallel to

each other, the unit vectors in the two systems are related as: iy, = e, jh = je,
kn = Kke. In matrix form the relationship can be expressed as:

i, iy

Jn =] Je (7.38)

K, Kk

e
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7.5.2 Relation between a general body axes system and the local horizon
system

At the outset, it may be recalled that any system of axes fixed to the body
and moving with it is a body axes system. Hence, the three axes systems
namely, the reference body axes system, the stability axes system and the wind
axes system are all special types of body axes systems. In this subsection
OXghYgnZgp Is taken as a general body axes system which can be any of the
aforesaid three special cases. The unit vectors along OXg,, OYg, and OZy, are
igh, Jgb @nd Kgp respectively.

In general, the transformation between igp, jgo and kg and in, jn and ki can be

written as:
igb = ailih + a12jh + alskh
jgb = a21ih + a22jh + a23kh (7.39)

kgb =a; ih +a32jh +‘5‘33kh

The set of EQs.(7.39) indicates that nine quantities namely, aii,ai,....,aszz are
needed to prescribe the transformation between the two axes systems. These
nine quantities are called direction cosines. However, the following six
relationships exist between the unit vectors in the two coordinate systems viz.
igh-igp = 1, igb-Jgb = O, igb-Kigb = O0; Jgb- jgb = 1, Jgb-Kgp = O; Kgn.Kgp = 1. Thus, only
three quantities are needed to describe the transformation from one coordinate
system to another.

There are various ways to arrive at these three quantities. In the approach called
Eulerian angles, one coordinate system is rotated through three angles about
three different axes to finally arrive at the new system. This approach is generally
followed in flight dynamics. The steps are as follows.

a) First, rotate OXy Yy, Z, system about OZ;, axis through yaw angle y to get a

new coordinate system OX1Y1Z; (Fig.7.3). The unit vectors in this system are iy,
j1» and k. The unit vectors in the two axes systems are related as:

i1 =CO0S yip+ Sin yjh

ji =-sin yin+ coS yijp

k]_ = kh.
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Fig.7.3 Successive rotations of local horizon system to arrive at body axes

system

In matrix notation, these relations can be written as:

I cosy siny Off1i,
| = |-siny cosy O] j, (7.40)
k, 0 0 1k,

b) Next, rotate OX;Y1Z; system through pitch angle 8 about OY; axis to get the
coordinate system OX,Y»Z, (Fig.7.3). The unit vectors in this system are are iy, j2

and k,.The unit vectors in the two systems are related as:
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I, cos@ 0 -sinB|f i,
b7l 0 1 O i (7.41)
k,) | sin6 0 cos8 ||k,

c) Finally, rotate OX,Y»Z, system through bank angle ¢ about OX; axis to arrive

at the system OXgpYguZgb. The unit vectors in this system are denoted by igp, jgb

and kgp.The unit vectors in the two axes systems are related as:

g 1 0 0 i,
Jpp |=|0 coso sing | |, (7.42)
K 0 -singp cosollk,

Combining Egs.(7.40),(7.41) and (7.42), results in the following relationship:

Igo 1 O 0 cos® 0 -sinBfjcosy siny O i,
Jp |[=]0 coso sing 0 1 0 -siny coswy O] j, (7.43)
K O -sing cos@|/ sin® 0 cos® 0 0 11Kk,

After multiplying the matrices in Eq.(7.43), the relationship between the unit
VECtOors ign, jgb and Kgp and the unit vectors iy, jn and Kp is obtained. It is presented
in Table 7.1, The relationship between in, jn and ki and igs, jgb and kqp can also
be obtained from the same table. For example:
Knh= -sin B igy+ sing cos 6 jgy+ cos@ cos 8 Kgyp, (7.43a)
Kgo = (cos@ sinB@ cos ¥ +sing sinW) iy + (cos ¢ sinB sin¥ -sing cosW¥ )jn

+ (cos@ cosB) kp (7.43b)
Remarks:

i) The angles v, 6 and ¢ are the Eulerian angles.

i) See Ref. 1.12 chapter 4 for other ways of transforming axes systems.
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lgb Jgb Kgb

in | cosBcos¥ | sing sin cosW -cosg sinW | cose sinB cos W + sing siny

In cosO sin¥ |sing sinB sinW  +cos@ cosW| cos ¢ sinB sinW -sing cosW¥

Kn -sin 6 sing cosO Cos¢ cosO

Table 7.1 Relation between unit vectors of the general body axes system and

and the local horizon systems

7.5.3 Relation between wind axes system (OX,YwZy) and reference body
axes systems (OXpYpZp)

This relationship is described here for the sake of completeness. It may be
noted that the OX, and OZ, axes are contained in the plane of symmetry of the
airplane. Hence, only two angular rotations namely, the sideslip angle 8 and the
angle of attack a are needed to determine the relative orientation of the two sets
of axes.

) First, rotate OX,, Y\ Zy System about OZ,, axis through angle  to get a new

coordinate system OX3Y3Z3 (Fig.7.3). The unit vectors in this system are is, j3
and k3. The unit vectors in the two axes systems are related as:

i cosB -sinB Of(i,
J. |=|sinB cosB O} j, (7.44)
% 0 0 1]lk,

3
II) Then, rotate the OX3 Y3 Z3 system through an angle a about the OY3 axis to
arrive at the body axes system OXy Yy Zp. The unit vectors in this system are ip,
Jo and kp. The unit vectors in the two axes systems are related as :
i, cosa 0 -sina|( i,
b=l 0 1 O Js (7.45)

K, sina 0 cosa ||k,

Combining Eqgs.(7.44) and (7.45), results in the following relationship:
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I, cosa 0 -sina||cosB -sinB O|(i,

b=l O 1 O sinB cosB O] J, (7.46)

Kk, sina 0 cosa 0 0 11k,
After multiplying the matrices in Eq.(7.46), the relationship between the unit
vectors iy, jp, and kp and the unit vectors iy, jw and ky, is obtained. It is presented
in Table 7.2, The relationship between iy, jw and k,, and iy, j» and ky can also be

obtained from the same table.

i jb Kb
lw | cosa cosp sinf3 sing cosf
jw | -cosa sinf cospP -sina sinf
Kw -sina 0 cosa

Table 7.2 Relation between the unit vectors of the wind axes and the reference

body axes systems

Remark: It may be noted that the angles a and 3 are the angle of attack and the

angle of sideslip.
The relationships between the various axes systems used in flight dynamics are

thus obtained. The equations of motion in stability axes system are derived now.
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